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Figurel: Salientcritical points(the blue,red,andgreenpointsareminimum, maximum,andsaddlesrespectrely). (a) The backof thelion
headmodelwith large noiseandsmall hair textures,andthe correspondingneancurvaturevisualization. (b) The meancurvaturefunction
yields7,629critical pointsdueto the cunaturefunction's sensitvity to noise.(c) Thecorrespondingneshsalieng. (d) Salientcritical points
with lower number Sincemeshsalieng in (c) captureghe hair texture andnegatesthe noisy curvaturein (a), our methodbasedn salieny
selectsthe moreinterestingcritical pointsin the importantregion. In colorimagesshavn in this paper warmercolors (redsandyellows)
shav high curvatureor saliengy andcoolercolors(blues)shav low cunatureor salieng.

Abstract

A novel methodfor extractingthe salientcritical pointsof meshes,
possiblywith noise,is presentedhy combiningmeshsaliengy with
Morsetheory In this paper we usetheideaof meshsalieny asa
measuresf regionalimportancefor meshesThe proposednethod
de nesthe salientcritical pointsin a scalarfunction spaceusinga
centersurroundlter operatoon Gaussian-weightea/erageof the
scalarof vertices. Comparedo usinga purely geometricmeasure
of shape,suchas curvature, our methodyields more satishictory
resultswith the lower numberof critical points. We demonstrate
theeffectivenesof thisapproactby comparingour resultswith the
resultsof the corventionalapproachesn a numberof examples.
Furthermorethis work hasa variety of potentialapplications.We
give a direct applicationto the hierarchicaltopologicalrepresen-
tation for meshesy combiningthe salientcritical pointswith the
Morse-Smaleomple.
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Morsetheoryis a powerful mathematicatool for determiningthe
topology of a manifold from the critical points of one suitable
scalarfunction on the manifold. Recently discreteMorse theory
[Banchof 1970;Edelsbrunneetal. 2003] on a triangulatedmani-
fold hasalsobecamean active researctareain computergraphics
and computationalgeometryusing differentreal scalarfunctions
[Edelsbrunneiet al. 2003; Bremeret al. 2004; Dong et al. 2006;
Natarajanet al. 2006; Ni et al. 2004]. In discreteMorse theory
extracting the critical points of 3D mesheds an importantprob-
lem. However, a poor choice of this real function canleadto a
comple con guration of a high numberof critical points due to
noise.In addition,somesalientcritical pointsonimportantregions
mightalsobemissedvhensomemethodf smoothing(or fairing)
Morsefunctionareused.Recentlymeshsalieny [Lee etal. 2005],
asa measuref regionalimportancefor mesheshasbeenderived
from 2D imagetechniquesin this paperwe focuson the problem
of how to extractthe salientcritical pointsof meshedy combining
meshsalieny with Morsetheory

Morsetheory whichwasoriginally devisedfor smoothfunctionson
manifolds,connectshe differentialgeometryof a surfacewith its
algebraictopology Morsetheoryhasbeenextendedto piecavise
linear functionson triangulatedmeshegBanchof 1970]. Givena
real-valuedfunction over someshape,discreteMorse theory de-
scribesthe connectednessf the shapefrom the con guration of
thepointswherethefunction's gradientvanishesits so-calledcrit-

ical points(e.g. minima, maxima,saddles) Extractingthe critical
pointsof 3D meshess animportantproblemin discreteMorsethe-
ory. Someapplicationsarestronglydependentn the quality of the
critical points, suchasquadrilateraremeshingDong et al. 2006]
andsurfacesegmentation/Natarajanet al. 2006]. However, there
arestill two problemsn extractingcritical pointsfrom mesheslue
to noise. Oneproblemis thata poor choiceof Morsefunctioncan
yield mary morecritical pointsdueto thescalarfunction's sensitv-

ity to surfacenoise[Ni etal. 2004]. Figure1(b) shavs anexample
for thelion headmodelwith large noise,in whichameancurature



functionyields 7,629critical points. Theseextra critical pointsare
causedy thepoorcurvaturefunction's sensitvity to noiseandhair
textureson the backof this model. The otherproblemis thatsome
salientcritical pointsin importantregions might be missedwhen
somesmoothingmethodsareused.For example whentheisotrop-
ically smoothingMorsefunctionis usedfor this goal,somesalient
critical pointsmight be diffusedandskipped.

Thereareseveralmethoddor resolvingtheabove two problemsjn-
cludingdirectly smoothinghe surface,simplifying thetopologyby
cancellingpairsof critical points[Bremeretal. 2004;Edelsbrunner
etal. 2003],andsmoothinghe Morsefunctionusingthe Laplacian
operationin the scalarfunction space[Dong et al. 2006; Ni et al.
2004]. Directly smoothingthe original surfacewill changethesur
faceanddestrqg theoriginal surfaceposition. Topologysimplifying
needsto build the persistencg¢Edelsbrunneet al. 2002] and hier
arcty [Bremeretal. 2004;Edelsbrunneetal. 2003],which require
the expenditureof large amountsof time and spaceif the number
of verticeson the meshess gigantic. The methodof smoothing
the Morsefunction leapfrogsthis persistencerganizationandre-
movesunwantedcritical pointsin asinglestep.Ni etal. [2004]use
the Laplacianoperatorfor smoothingthe Morsefunctionto cancel
mary unnecessargritical points. Dong et al. [2006] apply their
work to surfaceremeshing.Laplaciansmoothingcangeta lower
numberof critical points, but it is hardto extract the salientcrit-
ical pointsin someinterestingandimportantregions. Laplacian
smoothings isotropic,andthereforeit alsodiffusesshapefeatures
in the scalarfunction spaceand might skip somesalientcritical
points when smoothingthe Morse function occurs. Furthermore,
Ni etal!s methodneedgo solve eigervectorsfor alinearsystemof
Laplaceequationto nd asmoothMorsefunction. Solvinga num-
ber of eigenfunctiongequiresthe expenditureof large amountsof
time, if the numberof verticesfor a meshis gigantic even though
multi-resolutiontechniquesareused[Ni etal. 2004]. In this paper
we follow someideasfrom Ni et al's works [Ni et al. 2004] us-
ing meshsalieny insteadof Laplaciansmoothing.In contrastour
methodusesaniterative stratey insteadof solvingeigervectorsfor
alinearsystemof Laplaceequation.

Thepurposeof thesalieny mapis to assigrasalieny valueto each
imagepixel, whichis introducedn 2D imageprocessingMore re-
cently, it hasbeenextendedo 3D meshprocessingn differentways
(e.g. Refs. [Gal and Cohen-Or2006; Lee et al. 2005; Yamauchi
etal. 2006]). Basedon the theoryof salieng of visual parts,Gal
et al. [2006] proposea methodfor de ning the salientgeomet-
ric featuresfor partial shapematching. Lee et al. extendthe 2D
salieny mapto 3D mesheghroughthe centersurroundoperation
onGaussian-weightemheancurvaturesandapplymeshsalieny to
meshsimpli cation andview selection. Yamauchiel al. combine
similarity andLee et al's salieny approachesor selectingstable
andsalientrepresentavie views of 3D shapesSincethealgorithm
of meshsalieny proposeddy Leeetal. [2005]is simple,fast,and
well feature-preservinin thescalarfunctionspaceit is a potential
choicefor extractingthe critical points. In fact, Lee et al's mesh
salieny computationis a geometry lter (smoothing)operationin
termsof the meancurvatureusedwith the centersurroundmech-
anism. For combiningsalieny mapsat differentscalesthe nal
meshsalieny is computedby applyingthe non-linearnormaliza-
tion of suppressiomo all scales.

Our approachis built on the techniqueof meshsalieny proposed
by Leeetal. [2005]. In somesensepur algorithmcanbe consid-
eredanapplicationof meshsalieny basednLeeetal!salgorithm
[Lee et al. 2005]. We call the extractedcritical points basedon
meshsalieng salientcritical points We also nd thatthe original
meshsalieny algorithmcannot provide thebestresultsfor our ap-
plicationin extractingcritical points. In this paper we explorethe
improved methodfor meshingsalieng for differentmodelspos-

sibly with small or large noise. Our improved methodcombines
the differentanisotropicbilateral lter operation[Fleishmanet al.
2003; Joneset al. 2003], andan iterative procedure.Our stratgy
canbring the salientcritical pointsin importantregions with the
lower number In addition,our salieny methodis suitablefor most
scalarfunctions, suchas geodesicand atomic density [Natarajan
etal. 2006],in additionto cunatureandheightfunctions. The di-
rectapplicationof our methodis a hierarchicaltopologicalrepre-
sentatiorfor meshedy combiningthe Morse-Smaleomple.

2 Background

In this section,we review the necessarpackgroundaboutcritical
pointsandmeshsalieng.

2.1 Critical Points

Let M denotea compac®-manifoldwithoutboundaryandf : M !

R denotea real-valuedsmoothfunctionon M. Supposinga local
coordinatesystemat a point p 2 M, point p is critical if the gra-
dient of p vanishes;otherwise,it is regular. In general,critical
pointsareclassi edasmaxima(f decreasem all directions) min-
ima (f increase#n all directions),andsaddleg f switcheshetween
decreasingndincreasindgour timesaroundp).

In this paper we only considerthatM is a triangulatedmeshpos-
sible with noise. Ni et al. [2004] have extendedMorse theoryto
meshednanifoldswith boundaryHere f is a piecavise-linearreal
function. Its valuesarede ned on the verticesof the meshM, and
linearly interpolatedwithin the edgesand trianglesof the mesh.
Typically, we alsocall f the Morsefunction of M. Supposesach
edgehvy;voi 2 M that f(vq1) 6 f(v2). Therefore the gradientis
constantnon-zeroandwell de ned acrossheinteriorsof thefaces
andedgescritical pointsoccuratthevertices[Ni etal. 2004]. The
degenerateat edgelimitation canbe overcomeby perturbatioror
Conley index theory[Ni etal. 2004]. We follow thegeneramethod
[Banchof 1970;Ni etal. 2004]usingoneneighborhoodor de n-
ing thelocal neighborhoof avertex v2 M. A vertec is labelled
amaximum/minimunmif its functionvalueis higher/laverthanthat
of its neighbors regular if its lower neighborsform a connected
chain,andasaddle ptherwise.

2.2 Mesh Saliency

Leeetal. [2005]introducectheideaof meshsalieny asameasure
of regionalimportancdor graphicaneshesandexploredtheappli-
cationsof meshsalieng to meshsimpli cation andview selection.
Thebasicideaisto Iter thecurvaturesof verticesin meshesising
acentersurroundoperatoron Gaussian-weightesheancunatures.
We rst summarizahealgorithmof meshsalieny asfollows.

1. Computethe curvatureof eachvertex v 2 M using Taubin's
method[Taubin1995]. Let C(v) denotethe meancurvature
of v.

2. Computethe Gaussian-weightedverageof the meancurva-
tureat eachvertex v asfollows:
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whereN(v; s) denotesa neighborhoodor a vertex v andin-
cludesthe setof verticeswithin adistances with v.

3. Computethesalieny S (v) of avertex v asthe absolutedif-
ferenceof the Gaussian-weightedverage(i.e. Eq. (1)) be-
tween ne andcoarsescales:

S (V) = JG(C(v);s)i G(C(v);2s)j: @

4. The nal meshsalieny is computedby addingthe salieny
maps(i.e. Eq. (2)) at ve scalesafter applyinga non-linear
normalizationof suppression.

The meshsalieny algorithmis essentiallyan anisotropic Iter or
smoothingoperatiorfor themeancurvaturefunction. Ourgoalis to
improve the meshsalieng algorithmfor applyingto critical points
extraction.

3 Salient Critical Points

3.1 Disadvantages of Mesh Saliency

By testingsomeexampleswe nd thatthe original meshsalieng
algorithm can not offer the bestresultsin our applicationfor ex-
tracting critical points. By analyzingthe original algorithm, we
nd two disadantagedor our application.

Onedisadwantagds thatEq. (2) might make the samesalieng for
two oppositeandsymmetricverticesbecausef usingthe absolute
differencebetweenthe Gaussian-weightedverage. For instance,
the standardexamplein Morsetheoryis the height(e.g. z coordi-
nate)function over a torusstandingon its side. In this case there
areonemaximumandoneminimumin theouterring, andtwo sad-
dlesin theinnerring. Supposehetorusis centerecat the original
point with a heightof 2h; the maximum (h) and minimum (j h)
have the oppositeheightvalue and the sameneighborhoodstruc-
ture. However, the salieny valuesof the two verticesare sameif
usingthe absolutedifferencein Eq. (2). Similarly, moreincorrect
critical pointsareintroducedecaus®f the symmetryof thetorus,
wherethelowestpointis incorrectlyclassi edasmaximum.There-
fore, the useof the absolutedifferencein Eq. (2) is notappropriate
for extractingthecritical pointsof a3D meshbecausé will change
thetype of critical points.

The otherdisadwantages that Step4 is dif cult for controllingthe
numberof critical pointsbecausdt only combinessalieny maps
of ve scales.If the chosenscalesare not appropriatethe Morse
function might be extremely non-smooth. For example,an inap-
propriatescaleyields someextra critical pointsfor a smoothtorus
surface. Corversely if more closescalesare utilized in salieny
computation,oversmoothingmight also occur resultingin some
salientcritical pointsbeingmissed.Ni etal. [2004] solve arelaxed
form of Laplaceequationto nd a smoothMorsefunctionwith a
usercontrollednumberof critical points. It is non-trivial to build a
similar equationsystemfor Gaussiaroperation.To overcomethis
problem,we useananisotropicsmoothingoperationwith anitera-
tive procedurdansteadof using ve scalesandsolvinganequation
system.The salieny of critical pointsis preseredby anappropri-
ateanisotropiclter operationandthe numberof critical pointsis
controlledby theiterative number The moretheiterative number
thelessthe numberof salientcritical points. We will introducethe
improvedalgorithmin the next sections.

3.2 Anisotropically Smoothing Morse Function

Filtering is afundamentabperationof imageprocessingandcom-
putervision. It meanghatthevalueof the Itered imageatagiven
locationis a function of the valuesof the inputimagein a small
neighborhoodf the samelocation. Similarly, we canregard the
Morsefunctionvalueof a vertex on a meshasthe gray valueof a
pixel in animage,andthe connectve neighborhooaf thevertex as
theneighborhooaf thepixel. A partof theresearclin this paperis
an extensionfrom imagesmoothingto smoothingMorse function
onmeshes.

Smoothinga Morsefunctionwith aLaplacian Iter [Ni etal. 2004]
is an efcient techniquefor cancellingmary pairsof unnecessary
critical points. However, this techniqueis isotropic,andtherefore
hasindiscriminatelysmoothnoiseandsalientfeaturessothis might
skip somesalientcritical points. The ideaof our approachis to
modify the Laplaciandiffusion equationto male it anisotropic.In
particular the Gaussianlter usedfor computingthe meshsalient
computesa weightedaverageof valuesin the neighborhood,n
which the weightsdecreasavith the distancefrom the neighbor
hoodcenter Alternatively, thebilateral Iter , introducedby Tomasi
andManduchi[1998], is anotheranisotropiclter derivedfrom the
Gaussianlter , with a featurepreserationtermthatdecreasethe
weight of pixels asa function of intensity difference. In this sec-
tion, we will describethe abore smoothingoperationof bilateral
Iter for anisotropicallysmoothingthe Morsefunction.

Similar to the secondstepin meshsalieng, we selectthe bilateral
Iter operation[Fleishmanet al. 2003; Joneset al. 2003] instead
of the simple Gaussianlter . We give the equationof the bilateral
smoothingoperationfor the realfunction f(v) on eachvertex v as
follows:
, ?2 )f(X)Wc(kXi VKWs(jf(x) i £(V)))
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wherethe closenessmoothing Iter is the standardGaussianl-
ter with parameters. : We(X) = exp[j x*=(2s2)], and a feature-
preservingweight function with parameterss that penalizedarge
variationin intensityis: We(x) = exp[j x>=(2s2)]. Comparedvith
the Gaussiaroperation the outputof Eq. (3) on a vertex v is also
aweightedaverageof the surroundingvertices,but the weightde-
pendsnotonly onthespatialdistancekxj vk, butalsoonthescalar
functiondifferencej f(x) i f(v)j. Thebilateralsmoothingmaybe
regardedas an anisotropic Iter consistingof two Gaussiaroper
ationsboth on the spatialdistancekx j vk andthe scalarfunction
differencg f(x)i f(v)j.

3.3 Saliency Computation

Being differentfrom Step3 in meshsalieny, we do not adoptthe
absolutedifferencebetweernthe Gaussian-weightedverageof the
meancunatureasthe vertex's salieny. The disadwantageof the
absolutedifferencehasbeendiscussedn Section3.1. We de ne
thesalieny on a vertex v asthe Gaussian-weightedverageof the
scalarfunction differencebetweenits neighboringverticesandv,
wheretheweightis similar to theweightin Eq. (3). By combining
the bilateral Iter in Eqg. (3), we alsogetthe equationof salieny
computation:

L& (00T FOIM(kei VIOWSG i F(V))
Se(f(v)is)= 2 .

a  We(kxi VKWs(jf(x)i f(v)i)
x2N(v;2s)

(4)



3.4 The Algorithm Implementation

In this section,we give the whole algorithm of extracting salient
critical points. First, we apply a bilateral Iter to a single vertex
v for computingits saliengy values. After nishing the saliengy
computatioron all vertices,updatethe real functionvalueon each
vertex v as: f = f + s. Finally, afterseveraliterative salieny com-
putationswe utilize the computedsalieng for extractingthe crit-
ical pointsby Banchof's method[Banchof 1970;Ni etal. 2004].
Thefollowing is the pseudo-codéor thealgorithmof extractingthe
salientcritical points:

Listing 1: Thefundamentasalientcritical points extraction algo-
rithm.

Procedure SalientCriticalPoints(M; s ;iteration);
Input:

M: the given mesh

s: the radius of the neighborhood

iterations: the number of iterations
Output:

salient critical
Local variables:

N: the size of M

vi: the i vertex of M

fi: the real function value on v;

s: the computed saliency value on v;
begin
for(j=1 to iterations)

fvig=vertices(M);

N=jf vigj;

for(i=1 to N)

fi=function (v;);

s=computate vi's saliency using Eq.(4);
end

update vertices functions as: fi= fi+s;
end

classify vertices using Classify\ertex;
return extracting salient critical points;
end

points

The Classify\Vertex algorithmreferredto in Listing 1 is a direct
implementatiorof vertex classi cation[Ni etal. 2004]. Thetypes
of returningverticesin the algorithmincludemaximum,minimum,
andsaddle. The readermay consultthe referencgSection3.1 in
[Ni etal. 2004])for detailedexpositionsof the algorithm.

Parameters.  The parameter®f the algorithm are: the radius
of neighborhoods, s¢, ss, andthe numberof iterations. Similar
to Lee et al's stratgy [Lee et al. 2005] for choosingthe neigh-
borhoodradius s, we chooses = 8:0e, wheree is 0:3% of the
lengthof the diagonalof the boundingbox of the model. We use
S¢ = s asthe standarddeviation of the Gaussianlter atdistance.
In addition,we give two methodsfor choosingss. Onemethodis
thatss is simply equalto s¢. The othermethodis thatss is equal
to the maximal differenceamongreal functionsof verticesin the
neighborhoof a vertex. We have tried both andfound that the
rst methodgivesus betterresults,sowe chooses; = ss= s in
ourimplementationOnemay choosea large s andperforma few
iterations,or chooseanarrov lter andincrease¢he numberof iter-
ations.In all resultsshawn in this paperwe usel0to 20iterations.
We nd thata small numberof iterationsis sufcient andadwan-
tageoushoth for the speedof computationandfor the numberof
salientcritical points. Furthermorewe usea kd-treeto accelerate
the searchingspeedf pointsin a spherewith theradiuss andthe
centerat verticesof themesh.

Tablel: Comparison®f time andthe numberof critical points.

Model Fig. #\erts #lters Time(s) s #CP
Lion 1(b) 24K - - - 7629
1(d) 24K 10 3.9 8:0e 493
Squirrel 3(b) 10K - - - 2864
3(d) 10K 20 14 80e 152
Protein 4(a) 8K 1 0.13 80e 741

4(b) 8K 10 0.63 80e 257

4 Results and Discussion

Critical points always dependon a Morse function f, which is a
real-walued function de ned on a surface. The de nition of the
Morsefunctionfor a moregeneralsurfaceis non-triial, andit de-
pendscloselyon applicationsIf adifferentMorsefunctionis used
as f, the critical points might change. Thereare mary different
de nitions for the Morsefunction. For instancejn terrainmodel-
ing applicationsthe heightfunction hasbeena usefulfunction f

[Bremeretal. 2004]. However, the heightfunctionis notinvariant
to transformationsuchasobjectrotation. The cunvaturefunction
may provide invariancein arotation,but it is sensitve to the noise
of the surface. For sggmentingmolecularsurfaces Natarajaret al.
[2006] chosean atomicdensityfunction. This paperdoesnot fo-

cuson how to de ne new Morsefunctions.In all theresultsshavn
in this paper we adoptthe meancurvaturefunction as a Morse
function for testingthe effectivenessf our methodbecausef its
invariancen arotation.We useTaubin’s method Taubin1995]for
cunaturecomputation.In fact, any otherMorsefunction canalso
be suitablefor our method.

We have implementedthe algorithm of extracting salientcritical
pointsasdescribedn the previous sectionand appliedit to some
models. The algorithm describedabove is implementedn C++.
The executiontime is givenin secondon a PentiumlV 1.70GHz
processowith 512M RAM excludingthetime of loadingmeshes.
This sectioninvestigatesthe effectivenessof our methodby com-
paringour resultswith theresultsof the corventionalcritical points
extractionalgorithm[Banchof 1970;Ni et al. 2004],andthe can-
celledcritical pointsalgorithmbasedntopologicalpersistencand
simpli cation (TPS)[Edelsbrunneet al. 2002]. Finally, we also
give an examplefor shaving a direct applicationto a hierarchical
topologicalrepresentation.

Table 1 givesthe time in secondfor somemeshegeferredto in

this paper where“#Verts” is the numberof verticesof the models,
“#lters” is the numberof iterations,and “#CP” is the numberof
critical points. In all the resultsshavn in this section,we use10
to 20iterations.We founda smallnumberof iterationsis sufcient

bothfor the speedf computatiorandfor the numericalstability.

Examplel Comparisonswith the corventionalcritical points ex-
traction algorithm [Banchoff 1970; Ni et al. 2004] (Referto Fig-
uresl, 2). The backof the lion headmodelincludeslarge noise
andmary small hair textures. The meancurvaturefunctionyields
mary critical pointsdueto the curvaturefunction's sensitvity to
noise(seeFigure 1(b)). Our methodbasedon meshsaliengy can
Iter somenoiseandcapturetheimportantfeaturesandyieldsthe
salientcritical pointsin the moreinterestingregion of hairswith a
lower numberafter10 iterations,asshavn in Figure1(d)).

For shawing the quality of critical points, we also illustrate the
topologicalsegmentatiorof salientcritical pointsusingthe Morse-
Smale(MS) comple. The MS complex [Edelsbrunneetal. 2003]
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Figure2: The MS complex comparisorwith the corventionalcrit-
ical points extraction algorithm. (a) The full MS comple of the
original modelin Figure1(b). (b) The MS complex corresponding
to Figure1(d). Note our methodgenerates more simpli ed MS
complex dueto thereductionof critical points.

is acellulardecompositiorof a scalarfunctionoveramanifold,de-
ned formally asthe re nementof its ascendingnanifoldsby its
descendingnanifolds[Edelsbrunneetal. 2003;Dongetal. 2006].
The MS comple is a power tool, and hasbeenappliedto mary
graphicstechniquessuchastopologicalsimpli cation andhierar
chy [Bremeret al. 2004; Edelsbrunneet al. 2002; Edelsbrunner
etal. 2003;Natarajaret al. 2006], cuttinga surfaceinto a Disk [Ni
et al. 2004], andsurfacequadrangulatiofibong et al. 2006]. Fig-
ure 2 givesthe MS complex comparisorcorrespondingo the lion
headmodelin Figurel. Theoriginal MS complex (seeFigure2(a))
is too comple for someapplicationsdueto noise. Salientcritical
points using our methodcan generatea more simpli ed and uni-
form MS comple (seeFigure2(b)). Our methodcanalsosene for
the above applications,jncluding surfacesegmentationNatarajan
et al. 2006], cutting [Ni et al. 2004], and remeshingDong et al.
2006].

Example2 Comparisorwith TPS(Referto Figure3). The algo-
rithm of topologicalpersistencand simpli cation, i.e. TPS,is an
alternatve methodfor cancellingeritical points[Edelsbrunneetal.
2002]. In generalthe persistencef a critical point pair is de ned
astheabsolutaifferencein thevaluesof f betweerthetwo points
[Edelsbrunneetal. 2003]. Figure 3 givesan examplefor compar
ing ourmethodwith TPS.A meancunaturefunctionyieldsamass
of critical pointsdueto noise,andthe full MS complec is gener
atedin Figure 3(a). In Figure 3(b), the TPS methodis usedfor
remaoving all critical pointswith persistencdéessthan0:1% of the
meancunaturerange.Figure 3(c) shavs the salientcritical points
after 20 iterationsusingour methodwith the closenumberof crit-
ical pointsgeneratedy TPS.Obsenre the differencein the areaof
theleft eye in Figures3(d) and3(e). Note that TPSstill hassome
critical pointsremainingaroundthis areabecaus@f the high noise
pointsin this region with a persistencef morethan0:1%. Con-
versely our methodcanonly leave onesalientcritical pointaround
thesamearea.

Example3 Hierarchical topological representation(Referto Fig-
ure4). Theefcient constructiorof topologicallysimpli ed mod-
elsis animportantproblemin computergraphicsand geometric
modeling[Edelsbrunneeet al. 2002]. Its goal is to remove topo-
logical noiseand leave the topologicalfeatures. Edelsbrunneet
al. [2002] formalizeda notion of topologicalsimpli cation within
theframework of a Itration, andpresenteadtopologicalsimpli ca-
tion algorithmbasedn persistenceBasedon the proposedersis-

tencecomputatioralgorithmfor cancellingpairsof critical points,
Edelsbrunneetal. [2003]built hierarchicaMS compleesfor sim-
plifying the topologicalstructureof piecavise linear 2-manifolds.
Similar to their work, our methodcan also provide a hierarchi-
cal topologicalrepresentatiofor meshest eachdifferentiterative
level by combiningthe MS complex. The differencebetweenour
methodandthe methodbasedn cancellingeritical pairsis thatour
smoothingprocessnaturally gives the hierarchicalcritical points.
The setof MS complees at differentiterationsintroducesa hier
archicaltopologicalrepresentatiofior meshes.The proposedhi-
erarchicatopologicalstructurebasedon salientcritical pointsand
iterationscanberegardedasa bene cial supplemenof the knovn
algorithms. Figure4 shaws a hierarchicalexampleof a molecular
surfaceincludingl, 5, and10iterations.In thisexample we usethe
structureof anenzymephospholipas@?2 (ProteinDataBankcode:
2bp2). Enzymescarry out their catalyticreactionon a local site of
the molecularsurface. Therefore,developing a methodologyfor
segmentinga molecularsurfacein a biologically meaningfulway
is very useful for characterizingand also predictingthe function
of proteins. Detectingsalientcritical pointsis suitablefor appli-
cationto proteinsurface,becausdewer (hencelarger) andsigni -
cantsegmentsareobtained which would be moretolerantto small
conformationalchangesof molecularsurfacedue to the intrinsic
e xibility of proteins.Our methodmight move positionsof critical
pointsafterseveraliterations.

5 Conclusions

We have presented simple,robust,andef cient algorithmfor ex-
tracting the salientcritical points on mesheshy combiningmesh
salieny with Morsetheory Thebasicideaof the proposednethod
is rst to assigna salieny valueto eachvertex of meshesasthe
salieny mapusingthe anisotropicbilateral Iter , andthenextract
the salientcritical points using Morse theory We also nd that
the original meshsalientmethodcannot be applieddirectly to our
methoddueto several dravbacks,so animproved iterative imple-
mentatiorof theproposedlgorithmis provided. Our methodis es-
sentiallyananisotropiclter ontheMorsefunction.In addition,we
comparedur resultswith the resultsof the conventionalmethods,
andthe comparisonshav our methodcanoffer moresatisactory
results,especiallyfor the noisy meshes Finally, we demonstrated
adirectapplicationto a hierarchicaltopologicalrepresentatiofor
meshedy combiningthe Morse-Smaleomple.

Themajordravbackin our currentimplementatioris thatthe num-
ber of salientcritical pointsis dependenbn the iteration number
andcannot be accuratelycontrolled. Ni et al. [2004] cancontrol
the numberof critical pointsby solving a linear Laplaceequation
system.However, it is not easyto build a similar linear Gaussian
equationsystemandsolwe it effectively. In the future we planto
explore researclof the boundednumberof critical pointsfor the
Gaussiarequatiorsystem.In somesensethe nev methodstill has
the samedrawvbacksas the other iterative methods. That s, the
terminationconditionis hardto control. In our currentimplemen-
tation,theiterationnumberis theonly conditionfor termination.In
the future work we planto addthe otherterminationconditionsto
make our methodmoreeffective.
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Figure3: Comparisorwith TPSof asquirrelmodelwith light noise.
(a) A massof critical pointsyieldedby a meancurvaturefunction,
andthefull MS comple. (b) Cancellingsomecritical pointsusing
TPS,andthesimpli ed MS comple. (c) Salientcritical pointsafter
20iterationsusingour method andthecorrespondin@/S comple.
(d) Themagni ed view of (b) ontheleft eye of themodel.(e) The
magni ed view of (¢). Thereis a closenumberof critical pointsin
both (b) and(c), where(d) has141 critical pointsand(e) has152
critical points.

(@) (b)

Figure4: A hierarchicaltopologicalrepresentatiofior a molecu-
lar surface by combiningour methodwith the MS complex. (a)
Salientcritical pointsafteroneiterationandthe correspondinglS
comple. (b) 10iterations.
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